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Ash-related problems are often the main reason for entrained-flow gasifiers and boilers unscheduled shut downs. Thus,
understanding the high-temperature physical properties of molten coal ash slag may enable an accurate description of
the condition of ash deposition in the gasifier and boiler. The evolution of the time dependence of rheological behaviors,
including the viscosity and yield stress of the molten coal ash slag containing 0–35.51 vol % crystals at decreasing tem-
peratures (1400–1280�C) and within 1.05 3 105 s, were investigated. Non-Newtonian behaviors, including shear thin-
ning, become obvious with an increasing crystal contents. The trends in the change of crystal nucleation rate in molten
coal ash slag are similar with those of the growth rate. Finally, the experimental results and the crystal-size distribution
method are used to develop a semiempirical parameterization that describes the complex non-Newtonian rheology of
crystal-bearing molten coal ash slag. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 2726–2742, 2013
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Introduction

Coal has been and will continue to be one of the major
energy resources because of its abundant reserves and com-
petitively low prices, especially for the use of base-load
power generation. For example, it contributed about 45% of
the total global electricity in 2011.1 Power plants are respon-
sible for more than one-third of the CO2 emissions world-
wide, which effect an increase in the average global
temperature. Carbon capture and storage (CCS), which is a
critical technology for reducing greenhouse gas emissions, is
being considered as a strategy for stabilizing the atmospheric
CO2 concentrations.2 Capturing CO2 from the mixed-gas
streams produced during power generation is the first and
critical step for CCS. Three strategies for incorporating cap-
ture into power generation scenarios, namely, precombustion
capture, post combustion capture, and oxy-fuel combustion
capture, are of primary focus today.3,4 Precombustion and
oxy-fuel combustion capture systems use entrained flow gas-

ifiers (EFGs) and oxy-fuel boilers (OFBs), respectively, to
gasify and combust pulverized coal.5,6

Generally, during the gasification and combustion of coal
in EFGs and OFBs, the pulverized coal is gasified or com-
busted, its mineral content is converted into ash, and the ash
products form a slag layer that flows down the refractory
wall under gravity and out of the bottom of the furnace into
a water quenching system.7 This phenomenon is generally
described as slagging (if the deposit is in a molten or viscous
state).8 The slagging of coal ash are very complex phenom-
ena and are responsible for costly maintenance problems, as
well as a reduction in heat transfer, debating during the post
combustion heating and cooling processes, and some instan-
ces of unscheduled shutdowns.9 Therefore, the slagging of
coal ash must be characterized to ensure the continuous
operation of EFGs and OFBs in the typical operated temper-
ature range of 1300–1800�C during coal combustion and
gasification.10

One of the high-temperatures physical properties of mol-
ten coal ash slag, namely, rheological behavior, is recognized
as a critical factor in controlling the slagging in the fur-
nace.11 For slag to flow from the furnace, it is generally
accepted that the slag viscosity must be sufficiently low at
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the temperature of tapping, typically less than 25 Pa s.12

Meanwhile, to ensure reliable slag tapping, the operation

temperature of the furnace should be above the temperature

of critical viscosity of the slag, which is recognized as a

sharp break in the viscosity vs. temperature curve.13 If the

furnace is operated at a temperature lower than that of crit-

ical viscosity of the slag, the viscosity will rapidly increase

and then cause viscous and erratic slag flows from the fur-

nace. Therefore, an important goal for the past 60 years

has been to measure and model the viscosity of molten

coal ash slag at high temperatures. As early as the 1960s,

Boow and Watt14–16 measured the viscosity-temperature

characteristics of molten coal ash slag in a wide range of

temperature (750–1600�C). In the 1980s, Schobert

et al.17,18 investigated the flow properties of bituminous

coal ash slags to explain various phenomena that are

related to slag flow and were qualitatively observed in pilot

plant testing, so as to predict a satisfactory operation in

slagging fixed-bed gasification. In the 1990s, Nowok

et al.19,20 measured the viscosity, density, and liquidus

phase relations. They interpreted the phenomenon of

increasing viscosity with decreasing temperature for coal

ash based on changes in the local structure of the slag as a

result of the growth of microphases. In 2000, Hurst

et al.21,22 performed experimental viscosity measurements

over a range of slag compositions that cover the anorthite

region of the fluxed Australian bituminous coal ashes. In

addition, some researchers used different numerical simula-

tions and software, such as the thermodynamic computer

package FactSage, to predict the viscosity of molten coal

ash slag and its behavior under different conditions.23,24

Numerous laboratory experiments have examined the vis-

cosity of different types of molten coal ash slag at high

temperatures. However, most studies have focused on the

viscosity of fully molten coal ash slag without crystal par-

ticles at equilibrium condition. In addition, a generalized

method for predicting the viscosity of molten coal ash slag

containing crystal particles at nonequilibrium condition has

not been proposed.
At temperatures above the liquidus temperature, the vis-

cosity of molten coal ash slag with freely suspended crystals

is readily estimated from its chemical composition.25,26 At

relatively low crystal contents, molten coal ash slag can gen-

erally be approximated as a Newtonian fluid. However, at

higher crystal contents, rheological behavior of molten coal

ash slag is no longer that of a Newtonian fluid, but that of a

non-Newtonian fluid.27 Some studies have addressed the

problem of determining the viscosity of a particle suspension

of molten coal ash slag as a function of the particle concen-

tration or fluid fraction.28 Different models and equations are

available for predicting rheology of different suspensions,

including those of crystal-bearing silicates. Beginning with

Einstein’s work,29 from an hydrodynamic description of the

motion of small rigid spheres in a fluid, Einstein predicted

that the viscosity varies with the crystal volume fraction (/)

according to Eq. 1

gs5gl 112:5/ð Þ (1)

where gs is the apparent viscosity of melt, and g1 is the vis-
cosity of the homogeneous melt. With some geometrical

arguments, the effect of the serial-size distribution of the
inclusions was taken into account by Roscoe30 who obtained

gs5gl

/max

/max 2/

� �2:5

(2)

where /max is the maximum solid-packing fraction. This
equation is called the Einstein–Roscoe model. Pinkerton
et al.31 then considered the factors of the particle-shape and
size distribution using the Einstein–Roscoe model and modi-
fied to the equation as follows
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� �
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h i
(3)

However, viscosity of the molten coal ash slag is related
not only to its crystal volume fraction but also to the crystal
properties, including the crystal sizes and size distribution,
which result from a dynamic interplay of crystal nucleation
and growth;32 these factors need to be considered in the vis-
cosity model. Therefore, the rheological properties of molten
coal ash slag at high temperatures are not only related in a
complex way to degassing and the thermal history of slag-
ging, but also to the kinetics and dynamics of crystallization.
Crystallization can occur through the nucleation of new crys-
tals, growth on existing nuclei, or through a combination of
the two processes.33 In general, nucleation is assumed to
dominate when surpersaturations are high, whereas crystal
growth is considered also important in systems experiencing
only small deviations from equilibrium. However, because of
the complexity of describing crystal nucleation and growth
using classical kinetic theory, which aims at an atomistic
approach, a quantitative description of the kinetics and dy-
namics of crystallization of the complex molten coal ash
slag system is difficult to provide. In addition, amount of
available information on this topic is limited. Although
FactSage can calculate the crystal volume fraction in the
molten coal ash slag, the program can only be applied at
equilibrium condition and not at nonequilibrium condition.
Therefore, in this study, the crystal-size distribution (CSD)
method,34,35 which is widely used in analyzing the nuclea-
tion and crystal growth in magma and lava, was applied to
molten coal ash slag systems to clarify the relationship
between the temporal change in the rheological properties
and the variation in the nucleation and growth rate of crys-
tals at high temperatures. This method provides quantitative
information on crystal growth rate, nucleation density, nucle-
ation rate, and order of the governing chemical reactions.
The CSD method also obtains a quantitative measurement of
crystal gain or loss over a particular size range, and thus,
may be proven useful in evaluating crystallization processes
of molten coal ash slag.

The rheological properties of molten coal ash slag with
certain particle concentrations, with the exception of viscos-
ity, also includes other characteristics, such as flow pattern,36

shear thinning,37 and eventually the onset of yield stress
(i.e., minimum shear stress that initiates viscous flow).38

Understanding the complexities of the rheology of molten
coal ash slag, including ash deposition behaviors, corrosion
on heat exchanger tubes, slag formation, and tapping from
furnace, is the key to determining and modeling the slagging
processes.39,40 However, the rheological behavior of the mol-
ten coal ash slag is difficult to measure, and studies on these
rheological properties have long been limited until the last
10 years. For example, Tonmukayakul and Nguyen41 only
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studied the effect of shear rate on the shear stress and appa-
rent viscosity of laboratory coal ash. Furthermore, the other
rheological behaviors of molten coal ash slag were not con-
sidered, such as yield stress and flow pattern. However, de-
spite these new data, the existence, significance, and
importance of some rheological thresholds are still under
debate, and a model for predicting the rheology of molten
coal ash slag over their entire change range has yet to be
proposed.

In this article, the evolution of the time dependence of
rheological behaviors, including the viscosity, flow pattern,
and yield stress of the molten coal ash slag containing 0–
35.51 vol % crystals at decreasing temperatures (1400–
1280�C) and within 1.05 3 105 s (29.2 h) was first investi-
gated. The transition of the flow pattern from Newtonian to
non-Newtonian, as well as changes in the shear-thinning and
yield stress behaviors with decreasing temperature, has been
described. The results of the quantitative textural data from
25 samples of quenched molten coal ash slag taken at differ-
ent times and temperatures are then presented, providing this
description’s capability to evaluate texture-related causes of
changing flow patterns. Finally, the CSD method has been
applied to determine the crystal growth and nucleation rates
in molten coal ash slag, and the information obtained has
been used to help develop the suggested viscosity model for
molten coal ash slag. The outcome of this investigation will
provide an inventory of the properties of molten coal ash
slag that can be used for future studies.

Experimental

Coal ash sample

One coal from Shanxi province in China was gasified in
the EFG by mixing with other kinds of coal with high fusi-
bility; the resultant coal was then used as the experimental

material. The ash sample was prepared in a muffle furnace
according to Chinese standard GB/T 211–2001.The chemical
compositions of the coal ash as analyzed by x-ray fluores-
cence are shown in Table 1.

Experimental equipment and method

A high-temperature rheometer with a rotating cylinder ge-
ometry generated via a uniaxial torque was used to study the
viscosity and shear stress of the molten coal ash slag at dif-
ferent applied shear rates (0.34–34.00 s21), times (0–1.05 3

105 s), and temperatures (1400–1280�C) in an N2 atmos-
phere. The change range of shear rate in our experiment is
determined by referring to the data from literature and the
coverage of their research range.17,41 Figure 1a shows the
high-temperature rheometer. The spindle was calibrated
against Brookfield standard oil with nominal viscosities of
5.00, 30.00, 60.00, and100.00 Pa s at 25�C in the range of
actual rotation rates and at high temperature with a standard
reference material developed in the bureau communautaire
de r�ef�erence (BCR) program of the european union (EU);
the viscosity measurement accuracy is to within 610.00% of
the full-scale range. This kind of rheometric measurements
usually follow the standard analysis that is based on a key
assumption: no-slip boundary conditions, as shown in Figure
1b.42 However, in practice, one feature of concentric cylin-
der rheometer is the nonuniformity of the shear rate with the
suspension sample, which apparently leads to a wall slip.43

The wall slip phenomenon is produced by the relative veloc-
ity between the wall and the suspension at the wall, as
shown in Figure 1c, which will possibly lead to a lower
value for the measured viscosity compared with that of the
true viscosity of suspensions.44 One of the accepted ways to
detect wall slip is to make the shear measurements of the
same material for two different gap sizes (the distance
between the inner spindle and the outer crucible) steady.45

Figure 1d shows that the viscosity corresponding to the same
temperature of the molten coal ash sample tested using dif-
ferent spindles is different at low temperatures. The observa-
tion illustrates that a wall slip was produced in our
experiment. The measured deviation of the viscosity caused
by the wall slip is approximately nearly 5.00%. The best

Table 1. Chemical Composition of Coal Ash

Composition SiO2 Al2O3 CaO Fe2O3 MgO TiO2 K2O Na2O

Coal ash
(wt %)

31.89 25.18 30.78 7.34 1.92 1.75 0.71 0.43

Figure 1. (a) High-temperature rheometer.

(b) Velocity profile diagram in cylindrical annulus without slip boundary condition. (c) Velocity profile diagram in cylindrical

annulus with slip boundary condition. (d) Viscosity of the molten coal ash sample tested with different gap sizes at different tem-

peratures. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]
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methods in dealing with the wall slip in suspension are to
use the vane geometry spindle to replace cylindrical spindle
or a mathematical treatment for wall slip correction.46,47

However, it is difficult to create the vane geometry shape of
the corundum spindle due to the limitation of ultrahigh tem-
perature. Moreover, the limitation deters the measurement of
the necessary parameters (e.g., shear rate at a constant shear
stress) required to calculate the effect of the wall slip on vis-
cosity when using the mathematical models.48,49 Therefore,
the viscosity obtained in our experiment may be dependent
on the size of the spindle and the crucible because of the
nonuniform shear rate in these experiments. The detail infor-
mation on this apparatus was previously reported.28

Figure 2 shows the temperature-time schedule of the
experiment. The experimental arrangement for this investiga-
tion combines three experimental procedures, given that the
viscosity measurement and flow pattern measurement (which
indicates the relationship between the shear stress and the
shear rate) could not be performed simultaneously, and that
the sampling procedure would affect the experimental results
during the viscosity and flow pattern measurements.

Approximately 90 g of coal ash samples were placed into
a corundum crucible and slowly heated to 1400�C. This tem-
perature was maintained for 1 h to ensure that the starting
material is completely melted. Subsequently, the viscosity
was measured using the spindle with a gap size of 7.33 mm
under the specific shear rate for �1.84 3 104 s (5.1 h). The
sample was then quickly cooled by 30�C, and the tempera-

ture was maintained for another 2.74 3 104 s (7.5 h). The
temperature of the molten coal ash slag was lowered by
30�C for the subsequent measurement step. This sequence of
viscosity measurements and stepwise cooling was repeated
until the temperature decreased to 1280�C (Figure 2a). The
cooling rate during the transition between steps was 3�C s21.
Approximately 1.21 3 104 s to 3.50 3 104 s residence time
at each 30�C interval was allowed at each temperature to
ensure that the molten coal ash slag reached the perfect ther-
mal equilibrium. At temperatures below 1280�C, viscosity
measurements could not be performed because the large
number of crystals and the resulting high viscosity of molten
coal ash slag made the rotation of the rod impossible. At the
end of each viscosity measurement, flow pattern measure-
ment and shear-thinning measurement were conducted,
respectively. The detailed experimental steps for the flow
pattern and shear-thinning measurements are shown in Fig-
ures 2b, c. For the flow pattern measurement, the shear rate
increased from 1 rpm to a certain maximum value in 1 rpm
increments. The torque response at each shear rate was
recorded. After the flow pattern measurement, the shear-thin-
ning measurement started at 5 rpm and took one data point
per second, and then subsequently went on standby for 120
s. Consequently, speed increased by 5 rpm, and data collec-
tion was repeated until obtaining a certain maximum value.
The viscosity response at each shear rate was recorded.

After the above rheological measurements, the molten
coal ash sample was again heated to 1400�C for the yield

Figure 2. (a) Temperature-time schedule of the experiment.

The blue, dark cyan, red, and blank arrows indicate the viscosity measurement, the timing of the shear thinning measurement, the

flow curve measurement, and sampling (wherein a few of the molten coal ash slag samples were directly transferred from high-

temperature rheometer and quenched in liquid nitrogen, and subsequently transformed into polished thin sections for textural

analysis), respectively. (b) Relationship of the shear stress and shear rate in the flow pattern measurement. (c) Relationship of the

shear rate and the time of shear-thinning measurement. (d) The yield stress measurement method. [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.com]
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stress measurement. This temperature was maintained for 1
h to ensure that the starting material was completely molten
and in the same condition as that of the viscosity measure-
ment. The temperature-time schedule used in the yield stress
measurement was similar to that of the viscosity measure-
ment. The sequence of stepwise cooling, holding at a con-
stant temperature, and cooling at a specific temperature rate
are the same as that for the viscosity measurement. Owing to
the difficulties of directly measuring yield stress, for all of
the slag temperatures tested in our experiments, yield stress
values have been obtained by extrapolation of the straight-
line portion of the stress-shear rate curve to the intercept on
the stress axis (Figure 2d). The yield stress measurement
was conducted until the temperature went below 1280�C. At
each temperature, the measurement was conducted by rotat-
ing the spindle at a low speed and measuring the torque act-
ing on it. The rotational speed was then increased from the
minimum value to some maximum value to a specific maxi-
mum value, and the torque response at each constant speed
was recorded. Then, the yield stress values of the samples
were determined from the ascending part of the flow curves.

After the yield stress measurement, the molten coal ash
sample was again heated to 1400�C to observe the crystal
behavior and evaluate the growth histories of the crystal pop-
ulation. The temperature-time schedule in the sampling pro-
cess was the same as that in the viscosity measurement.
About 2 g of molten coal ash slag samples were directly and
rapidly collected from the high-temperature rheometer
approximately every 3600 s at 1400 and 1370�C, and 1800 s
at 1340, 1310, and 1280�C (Figure 2a, black arrows). The
samples were then rapidly quenched in liquid nitrogen.

Textual analysis

Some experimental work suggests that the viscosity of the
molten coal ash slag significantly changes during progressive
crystallization.50 Therefore, general knowledge of the effect
of changes in crystallization on the evolution of the rheologi-
cal properties of molten coal ash slag is a major interest
area.

The quantitative measurement of the textual characteristics
of the crystallized particles in the quenched molten coal ash
slag was performed on the basis of the binary images
obtained through an optical microscope (LV100POL,
Linkam Scientific Instruments) with a reflected light source.
A series of digital microphotographs of the crystals was
taken, stored in a computer, and analyzed to determine the
crystal average length, crystal average number density, and
crystal volume fraction of the two-dimensional (2-D) inter-
section using the NIH Image program (freeware from
National Institute of Health http://rsb.info.nih.gov/nih-image/
index.html). The micrographs of the molten coal ash slag
samples taken and quenched according to our experimental
temperature-schedule are shown in Figure 3.

One challenging aspect of CSD analysis is that the funda-
mental variable, population density, is a volumetric parame-
ter that cannot be directly measured on the sections of the
cooling sample. Therefore, the 2-D intersection data must be
converted to 3-D CSDs. This solution is not simple, unless
the crystals are assumed to be spherical in shape. Many
investigators have used stereological transformations from 2-
D to 3-D to obtain the volume-normalized population den-
sities.51,52 In the current study, the CSD correction method
proposed by Higgins53 was used for the 3-D calculation.

This method is a modification of that of Saltykov,54 which
“unfolds” the intersection data to yield the true CSDs. Once
the crystal size data were obtained via image analysis, they
were sorted into class intervals and then converted to
microns at each given magnification. Logarithmic length
intervals were used so that each bin is 100.1 times the size of
the previous bin. This bin width ensures that an adequate
number of crystals are in each bin. Each bin contains at least
one crystal, and no gaps with empty bins exist. The volume
of each crystal was calculated by taking the measured pro-
jected area of the crystals that is equivalent to the area of an
equivalent sphere; the equivalent spherical diameter for each
crystal was then used to calculate the volume of each crystal,
following the method of Bindeman.55

The Equilib module in FactSage 6.3 was used to conduct
thermodynamic equilibrium modeling of the liquid tempera-
ture of the coal ash sample, composition of the mineral
phase, and viscosity of the remaining homogenous phase
under air condition at a pressure of 1 atm at different tem-
peratures based on Gibbs energy minimization. Phase forma-
tion data for these oxides and their combinations were
selected from the FToxide database. The calculation method
of FactSage is based on Gibbs’s energy minimization for
each of the samples at a given temperature and composition
range. The database used includes solid pure components
and polynomial solid solutions.

Thermodynamic modeling

In our work, the thermodynamic properties of the molten
coal ash slag have been calculated from the (SiO2–Al2O3–
CaO–Fe2O3–MgO–TiO2–Na2O–K2O) system using the
FactSage software package.56 The liquid temperature of the
sample, composition of the mineral phase, and viscosity of
the remaining homogenous phase were evaluated under air
condition at a pressure of 1 atm at different temperatures
based on the oxide composition of the sample. Further infor-
mation about thermodynamic modeling (i.e., database and
phase selection) is provided in Supporting Information.

Results and discussion

Rheological evolution

Viscosity. A series of rheometric measurements was per-
formed on the high-temperature rheometer. Figure 4 shows
the experimental results of the successive viscosity measure-
ments of the molten coal ash slag at 1400–1280�C. At the
highest temperature in our experiment (1400�C), the
obtained viscosity profile (Figure 4a) reveals viscosity values
that are mainly constant with time. When the temperature is
decreased from 1400 to 1370�C, a slight viscosity increase
at the initial stage of cooling is observed until a certain value
is reached in a short time and then remains unchanged. This
result indicates that this sample can rapidly reach the steady
condition and that the effect of the changes in temperature
and time on the viscosity when temperature is decreased
from 1400 to 1370�C is slight. However, when the tempera-
ture is decreased from 1370 to 1340�C, the viscosity mark-
edly changes during the total measurement, increasing from
3.05 to 23.55 Pa s. This result indicates that at 1340�C, sev-
eral complex changes occur in the sample, including the
chemical reaction of the homogenous liquid, nucleation, and
crystallization in the molten coal ash slag before the viscos-
ity value constant is reached. Finally, when the temperature
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is decreased to 1310 and 1280�C, the viscosities continu-
ously increase until they stabilize to a constant value.

Figure 4b shows the change rate of viscosity with time
(dg/dt) during the viscosity measurements, which provides
an approximation of the time at which the sample reaches
the steady condition. These observations in Figure 4b sug-
gest that during the decrease in temperature, differences in
the effect of temperature on viscosity corresponding to dif-
ferent temperatures are observed. The nearer the temperature
corresponding to the test viscosity is to the highest tempera-
ture, 1400�C, the less the effect of temperature and time on
viscosity. For example, the change trend of the dg/dt gradi-
ent of the sample at lower temperatures (from 1340 to

1280�C) is clearly more pronounced than that at higher tem-
peratures (1370 and 1400�C), suggesting a relatively stronger
contribution of crystals at 1340, 1310, and 1280�C up to the
melt behavior because of the increase in the crystal constant
with decreasing temperature. These findings play a pivotal
role in assessing the flow mechanism, particularly the role of
time and temperature in the documented case.

Figure 5a shows the viscosity-temperature curves of the
molten coal ash slag at the initial cooling stage (blue curve,
initial) and on reaching thermodynamic equilibrium (red
curve, final). When the temperature is in the 1400–1370�C
range, the two viscosity curves for the initial and final condi-
tions almost coincide. However, when the temperature is

Figure 3. Transition of the surface morphology of the molten coal ash slag samples taken and quenched in our
experiment.
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lower than 1370�C, the red viscosity curve under the finial
condition is clearly higher than the blue one. This result is
due to the formation of crystalline particles and the gradual
increase in their number in the molten coal ash slag with
deceasing temperature when the temperature is lower than
1370�C, which results in an increase in viscosity (Figure 5a).
The value of the relative increase in the viscosity at the final
and initial stages is compared, and is defined as

Dgs5
gs;final 2gs;initial

gs;initial

3100% (4)

where Dgs is the relative increase in the viscosity value,
gs,final is the viscosity at the final condition when the sample
reaches the steady condition, and gs,initial is the viscosity at
the initial cooling condition. Figure 5b shows that when the

Figure 5. Flow properties of the molten coal ash slag.

(a) Initial and final viscosity-temperature plots of the

molten coal ash slag. (b) Comparison of the relative

increase in the viscosity at different temperatures. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com]

Figure 6. Shear stress-shear rate curves for the three
simple rheological laws approximating the
molten coal ash slag behavior.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com]

Figure 4. Experimental results of the successive viscosity measurements of the molten coal ash slag at 1400,
1370, 1340, 1310, and 1280�C.

(a) The apparent viscosity profile shows the successive changes in the viscosity with each time increment at each temperature. The

black arrows show the samples taken in our experiments. The three sections are grouped according to the crystal concentrations,

as follows: crystal free, crystal little, and crystal high. (b) The rate of change in viscosity is plotted vs. time. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com]
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sample begins to cool, the relative increase in the viscosity
values at 1400 and 1370�C is almost equal to zero. When
the temperature is decreased to 1340�C, the relative increase
in the viscosity value clearly increases and reaches a maxi-
mum value, then decreases before increasing once more,
indicating that the viscosity of the molten coal ash slag sam-
ple is most sensitive to change of temperature during attain-
ment of the steady condition at 1340�C.

Flow pattern. A 2-D variation diagram of the relationship
between the shear stress and shear rate of molten coal ash slag
under different temperatures is constructed in Figure 6. The
diagram provides a visualization of the behavior transition of
molten coal ash slag from Newtonian to non-Newtonian with
the decrease in temperature from 1400 to 1280�C. Providing
an extra definition of the rheology of molten coal ash slag at a
high temperature is technically difficult; thus, some well-
known laws were used to give a reasonable approximation to
describe the rheological characteristics of the molten coal ash
slag under different temperatures and according to the charac-
teristic shape of the flow curves.

1. Newtonian model57

sw5gN � c
•

(5)

2. Bingham model58

sw5sY1gB � c
•

(6)

where sw is the shear stress, sY is the yield stress (or internal
cohesion), c• is the shear rate, and gN and gB are the coeffi-
cients of the Newtonian model and Bingham model, respec-
tively. For any flow pattern at any shear rate, the ratio
(sw= c•) is the apparent viscosity, gs, which is simply called
viscosity according to Nzihou et al.59

gs5sw= c
•

(7)

The flow curves of the molten coal ash slag as shown in Fig-
ure 6 are modeled by constitutive equations of the Newto-
nian model and Bingham model (Eqs. 5 and 6). The

constitutive equations that describe the flow behaviors of the
molten coal ash slag under different temperature are given in
Table 2. As shown in Table 2, the relationship between the
shear stress and shear rate of the sample is modeled by a
straight line through the origin when the temperature is
1400�C, which is indicative of an almost Newtonian behav-
ior of the sample at this temperature. As the temperature is
decreased, the flow curves of the sample are changed. The
molten coal ash slag becomes a Bingham fluid when the
temperature is lower than 1400�C, in which the relationship
between the stress and shear rate of the sample remains lin-
ear but its intercept is above zero, thereby indicating the
presence of yield stress.

Shear thinning. The viscosity of the molten coal ash slag
is affected by the viscosity of the continuous phase and the
solid-phase concentration, as well as by the shear stress or
the shear rate. Figure 7a shows the shear rate dependence of
the viscosity at various temperatures. Vertical points in Fig-
ure 7a indicate actual variations of viscosity values of coal
ash slag at the same shear rate for a certain period (120 s in
our experiment), and the plots in each temperature are the
average viscosity values at the same shear rate for a certain
period. At 1400�C, hardly any crystals are present in the
molten coal ash slag (Figure 3e), and the viscosity is largely
constant regardless of the rotation rate, indicating that the
molten coal ash slag at this temperature behaves like a New-
tonian fluid. When the temperature is decreased to 1370�C,
the amount of crystals increases to 4.71 vol % (Figure 3j),
and the viscosity slightly decreases with increasing shear
rate. However, the variations in the apparent viscosities
become increasingly sensitive to the shear rate when the
temperature is continually decreased because of the strongly
non-Newtonian behavior of crystal-bearing molten coal ash
slag. This behavior, known as “shear-thinning,” is common
with silicate melts, particulates suspensions, including colloi-
dal suspensions and attractive emulsions.60,61 Meanwhile, the
change rate of viscosity with the shear rate at the shear-thin-
ning measurement is defined as

Table 2. Constitutive Equations of the Molten Coal Ash Slag at Different Temperatures

Temperature (�C) Model Constitutive Equations Correlation Coefficient, R2 Standard Deviation, SDa

1400 Newtonian
sw52:39 c

• 0.99 0.34

1370 Bingham
sw53:0613:71 c

• 0.99 0.42

1340 Bingham
sw528:54115:89 c

• 0.99 4.53

1310 Bingham
sw554:28127:91 c

• 0.99 6.45

1280 Bingham
sw583:36147:62 c

• 0.99 9.74

aThe standard deviation (SD) indicates the degree of variation in relation to the average mean.
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Dge5
ge;initial 2ge;final

D c•
(8)

where Dge is the change rate of viscosity with respect to

shear rate; ge,initial and ge,final are the viscosity values at the

initial and final condition in the shear-thinning measurement,

respectively; and D c• is the increase in the shear rate from

the initial to the finial conditions. As the shear rate is

increased, the change rate of viscosity with the shear rate is

slightly increased compared with that at 1400�C, and dra-

matically increases as the temperature is decreased to below

1370�C (Figure 7b). These results indicate that the shear-

thinning behavior becomes even more distinct with decreas-

ing temperature mainly because of the formation of a num-

ber of crystalline particles in the molten coal ash slag at

temperatures lower than 1370�C. The change rate of the vis-

cosity with the shear rate reaches its maximum value at

1280�C.
Generally, two regions in the curves of shear-thinning

behaviors indicate that the viscosity is constant at very low
and high-shear rates. These two extremes correspond to the
first and second Newtonian regions (Supporting Information,
Figure S1).62 However, the curves in our experiment did not
exhibit the first Newtonian region due to the limitation of
the lowest-shear rate. The curves exhibited the second New-
tonian region because of the change in geometrical redistrib-
utions of the suspended particles.63

Yield stress. Figure 8 shows the process of onset and
yield stress development of molten coal ash slags as well as
the relationship between yield stress and crystal volume frac-
tion in the molten coal ash slag. The evolution of the yield
stress vs. time at 1400–1280�C is shown in Figure 8a. At
1400�C, the yield stress is essentially equal to zero regard-
less of the time because of the free crystals in the molten
coal ash slag at this temperature. When the temperature is
decreased to 1370�C, yield stress appears and increases, and
the final yield stress becomes higher than the initial ones
because of the slight increase in the crystal content of the
molten coal ash slag with increasing time. Furthermore, the
relative value of the yield stress clearly increases and
reaches its highest value at 1370�C (Figure 8b). The defini-
tion of the relative increase in the yield stress is defined as

Figure 7. Shear-thinning behavior of the molten coal
ash slag.

(a) Relationship between the measured viscosity and

shear rate at different temperatures. (b) Comparison of

the change rate of viscosity at increasing shear rate

under different temperatures. [Color figure can be

viewed in the online issue, which is available at

wileyonlinelibrary.com]

Figure 8. Yield stress evolution in the molten coal ash slag.

(a) The yield stress in the molten coal ash slag as a function of time at different temperatures. (b) Relative increase in the yield

stress from the final to the initial values during the cooling process. (c) The yield stress as a function of the volume fraction of the

crystal in the molten coal ash slag. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]
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DsY5
sY;final 2sY;initial

sY;initial

3100% (9)

where DsY is the relative increase in yield stress, sY,final is
the yield stress at the final condition when the sample
reaches the thermodynamic equilibrium in the yield stress
measurement, and sY,initial is the yield stress at the initial
cooling condition in the yield stress measurement. Finally, at
1310�C and 1280�C, the yield stress of the molten coal ash
slag suspension appears to remain constant when the solid
concentration reaches a finite value with increasing time.

The textural variations in the crystal average length, crys-
tal average number density, and crystal volume fraction as a

function of time at different temperatures are shown in Fig-
ure 9 to shed light on the effects of crystal volume fraction
on yield stress. Figures 9a, b show that the average length
and crystal average number density of crystal-1 in the initial
cooling stage at 1370�C initially increased and then reaches
the maximum values, before again decreasing as time is
increased. In contrast, the average length of crystal-2
increases with increasing time and decreasing temperature in
general, and the crystal average number density slightly
increases with increasing time at 1340�C as a whole. In
addition, the crystal volume fraction determined by the thin
section (2-D) and CSD (3-D) increase with increasing time
and decreasing temperature, as shown in Figure 9c.

Figure 8c also shows the relationship between yield stress
and crystal volume fraction in the molten coal ash slag
tested in our experiment. It can be seen that the onset of
yield stress can be estimated to occur during the process
of achieving the steady condition at an initial temperature of
1370�C, which corresponds to crystal volume fractions
between 0 and 4.71 vol %. When the temperature is
decreased from 1370 to 1340�C, the yield stress is signifi-
cantly increased because the proportion of solid phase in the
slag rapidly increases the crystal volume fractions from 4.70
to 18.13 vol %, and the possible development of a 3-D
framework of crystals inhibits flow movement at low
stresses.64 Finally, at 1310 and 1280�C, the yield stress of
molten coal ash slag suspension rapidly increases with
increasing crystal volume fraction. This phenomenon indi-
cates that crystallization is one of the main factors that affect
the change in the yield stress.

Crystallization response

Texture. Figure 3 shows micrographs of the molten coal
ash slag samples (Nos.1–30) taken and quenched according
to our experimental temperature schedule. All images show
an increase in crystal volume fraction with decreasing tem-
perature and increasing time at constant temperature. In sam-
ples with lower crystal volume fraction, the spatial
distribution of the crystals is heterogeneous, with microphys-
ical aggregates intergrown among the crystal particles and
separated by larger pockets of glass. However, in highly
crystalline samples, the particles form a spatially homogene-
ous crystalline texture, usually with intricate intergrowths of
crystal particles that resemble crystal habits typical of high-
cooling rates.65

Figures 3a–e show that sample Nos. 1–5 taken at 1400�C
are poorly crystalline. As the temperature is decreased to
1370�C, small amount of crystal particles is generated in the
Nos. 6–10 molten coal ash slag sample as shown in Figures
3f–j. According to the estimation of FactSage, a single-crys-
tal phase [Ca(Al,Fe)12O19] possibly exists above 1370�C.
Therefore, the crystals in the molten coal ash slag samples
Nos. 6–10 are defined as crystal-1 in our experiment. When
the temperature is decreased to 1340�C, the crystal shape in
Figure 3k is similar to those of crystals generated at 1370�C
at the initial stage; thus, the crystals in Figure 3k are also
defined as crystal-1. As time is increased at this temperature,
crystal-1 disappears and a new crystal phase, possibly mull-
ite, is generated, as predicted by FactSage; these crystals are
defined as crystal-2. The free-energy barrier associated with
the formation of an interface separating the new and old
phase is lowered due to the disappearance of the original
crystal phase (crystal-1) and the generation, nucleation, and

Figure 9. Textural variations in crystal-1 and crystal-2
in the molten coal ash slag samples at differ-
ent temperatures.

(a) Crystal average length. (b) Crystal average number

density. (c) Crystal volume fraction. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com]
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growth of a new crystal phase (crystal-2). This phenomenon
significantly accelerates the nucleation and growth of the
new crystal phase at 1340�C. When the temperature is
decrease to 1310 and 1280�C, cooling and crystallization
during the flow generate abundant crystal particles in the
molten coal ash slag and form a spatially pseudohomogene-
ous crystalline texture, resulting in high-viscosity and high-
yield stress.

Crystal-size distribution. To establish the crystal popula-
tion balance in the molten coal ash slag, the number of crys-
tals per size and per unit volume of the slag solution must
be considered as a function of the crystal size. The popula-
tion density (ni) of a crystal phase i (i 5 1, the crystal phase
is crystal-1; i 5 2, the crystal phase is crystal-2) is defined as
the number of crystals in any size range divided by the size
interval, as follows

ni Lð Þ5 DNi

DLi
i51; 2ð Þ (10)

where Ni is the total number of crystal phase i (1 and 2) in
the molten coal ash slag of a size less than Li, and Li is
some characteristic crystal size. Accordingly,

Ni Lð Þ5
ðL�i
0

ni Lið ÞdLi i51; 2ð Þ (11)

where L�i is upper limit of the integration. A steady-state
population balance of crystals growing into and out of a spe-
cific size range Li, while physically circulated into and out
of the system at the same time is described by

d Ginið Þ
d Lið Þ

52
ni

si
i51; 2ð Þ (12)

where Gi is the growth rate of crystal phase i, and si is the
residence time of crystal phase i. If Gi is independent of
Li,

66 Eq. 12 may be integrated to give

ni5n0
i e 2 Li2L0ð Þ=Gisið Þ i51; 2ð Þ (13)

L0 is the initial nucleus size with a value of approximately
zero. The quantity n0

i is a constant of the integration and rep-
resents the population density of the nucleus-size crystals (ni

as Li ! 0). When L0 is equal to zero, Eq. 13 can also be
expressed in the following form

In nið Þ5In n0
i

� �
2Li= Gisið Þ i51; 2ð Þ (14)

The CSD method indicates that under certain circumstan-
ces (i.e., steady-state conditions, size-independent crystal
growth) the natural logarithm of the population density of
crystals (i.e., the number of crystal within a specified size
interval per unit volume of the silicate and divided by the
width of the specified interval) linearly varies with and is
inversely proportional to the crystal length. In other words, a
plot of In(ni)vs.Li for a steady-state system will be a straight
line with a slope equal to 1 / (growth rate 3 residence time)
(1/Gi 3 si), and an intercept equal to the nucleation density
(n0

i ). The plot of the crystal length vs. the population density
is generally called a CSD plot. However, in our experiment,
most of the CSD plots are not linear (not exponentially dis-
tributed) at the upper ranges of Li (Figure 10) because the
samples were taken in nonsteady-state conditions. Therefore,
the maximum length (L�i ), which corresponds to the vertical
broken line in Figure 10, is defined as the intercept of the

exponential law on the size axis corresponding to the highest
value of the correlation coefficient (R2 exponential law), as
obtained using a regression line. The crystal population den-
sity calculated according to the exponential law up to L�i is
similar to the total crystal population density up to the maxi-
mum size because the crystal population density is mainly
controlled by crystals of smaller sizes. Consequently, the
total crystal population density is regarded as the integration
of the straight CSD line from 0 to the upper limit of the ex-
ponential law.

The raw size data of crystal-1 in sample Nos. 6–11 and
crystal-2 in samples Nos. 12–30 in the molten coal ash slag
were stereologically corrected and plotted in Figure 10,
which shows the CSD in these 25 samples. The absolute
value of the slope (1/Gisi) and intercept (n0

i ) in the CSD
curves of these samples can be obtained from Figure 10. If
either the residence times are known, the growth rate may
be determined. The broken lines indicate the limit of the
exponential as determined by a survey of the correlation
coefficient (R2, exponential) for the regression lines.

The CSDs of crystal-1 are individually shown in Figures
10a–f and are compiled in Figures 11a, b, which shows that
the crystal-1 CSDs tend to have a small number of crystals.
In Figures 11a, b, the crystal-1 CSDs exhibit a concave-
down shape, indicating that small crystals are deficient com-
pared with the linear CSDs observed in more mafic systems.
The concave-down log-normal CSDs and decease in the pop-
ulation density may be due to textural coarsening, also
known as Ostwald ripening, and textural maturation (Figure
11e).34 Crystal-1 disappears as the temperature is decreased,
and the other main crystal phase, crystal-2, begins to form.
The CSDs of crystal-2 are individually shown in Figures
10g–y and are compiled at 1340, 1310, and 1280�C in Fig-
ures 11b–d, respectively. The CSDs of samples Nos. 13–20
at 1340�C show similar change trends and present upward
curves due to the accumulation of crystals of different sizes
(Figure 11f).35 When the temperature is decreased to
1310�C, the CSDs of crystal-2 in sample Nos. 21–25 become
irregular, with most exhibiting a sudden two-fold decrease
because of the fine destruction and loss of the largest crystals
(Figure 11j).34 The population density in the CSDs of crys-
tal-2 in sample Nos. 26–30 steeply descends to minus infin-
ity from the left of the maximum, as shown in Figure 11d.
The sudden change is possibly caused by the aggregation of
small crystals to form larger crystals (Figure 11h).34

Nucleation and growth rates. To obtain information on
original conditions of crystal nucleation and growth of mol-
ten coal ash slag, it is important to verify that the slope of a
CSD plot. The population density of the crystal phase i,
In(ni), is linearly correlated to crystal size Li. When Li is
lower thanL�i , as previously shown by the empirical evidence
in CSDs curves of molten coal ash slag samples. Therefore,
the nucleation and growth rate can be obtained using the
CSD method. So far, the growth rate (Gi), nucleation density
(n0

i ), residence time (si), and crystal rate (Li) have been
expressed in Eqs. 10–14. From Eq. 10, the nucleation density
can be defined as

n0
i 5

dNi

dLi

����
Li50

i51; 2ð Þ (15)

However, the nucleation rate of the crystal phase i (Ji) is
defined as
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Ji5
dNi

dLi

����
L50

3
dLi

dsi
5n0

i 3Gi i51; 2ð Þ (16)

That is, the nucleation rate (Ji) is simply the product of
the nucleation density (n0

i ) and the growth rate (Gi). Thus, a
linear crystal size plot contains measurable parameters that
can be directly related to the crystal nucleation rates, growth
rates, and residence times.

When the slope, CSD curve intercept, and residence times
are known, the growth rate can be determined by the intercept
of the CSDs plot and then nucleation rate can be calculated by
the absolute value of the CSDs plot slope. Figure 12 shows
the nucleation and growth rates of crystal-1 and crystal-2,
respectively, in the molten coal ash slag, as determined using

the CSD plots. The change trends of the nucleation rates of
crystal-1 and crystal-2 with increasing time are similar with
that of the growth rate, indicating that the crystal growth is
continuous throughout the crystallization interval. Both the
crystal nucleation rate and the growth rate of crystal-1 initially
increase, then reach the highest values and again decrease
with increasing time. However, for crystal-2, the change rates
of crystal nucleation and growth display wave curves, and the
trend decreases with increasing time as a whole.

Rheology and crystallization

A number of studies have been devoted to the prediction
of the viscosity of liquidus with solid suspensions; however,

Figure 10. Graphs depicting the variations in the CSDs of crystal-1(Nos. 6–11) and crystal-2 (Nos. 12–30) from 25
molten coal ash slag samples.

The dotted line indicates the limit of the exponential though a survey of the correlation coefficient (R2: exponential) for the

regression lines. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]
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no rigorous theory, even for the simplest case of rigid spheri-
cal inclusions embedded in an incompressible Newtonian
melt, has been proposed so far. For example, the Einstein–
Roscoe model, although widely used, is insufficient to repro-
duce the viscosity data of heterogeneous molten coal ash slag.
This drawback is because the model does not take into account
the dependence of apparent viscosity on the shear rate and
rheological parameters, including shear rate and yield stress.

To consider the effect of the change in the complex rheol-
ogy of the crystal-bearing molten coal ash slag on the viscos-
ity, the increase in shear stress as a function of increasing
shear rate is described using a modified version of the semiem-
pirical Eq. 1767

sw5 c
•
g11

g02g1ð Þ c•

11 c• g02g1ð Þ=C
1sy (17)

where g0 and g1 are the viscosities at the lowest and
highest shear rates, respectively. Parameter C can be calcu-
lated from

C5
/2

max

/max 2/

� �
g2

l

D2
Pqsy

� �0:21

sy (18)

where gl is the viscosity of the homogeneous melt, /max is
the maximum solid-packing fraction. DP is the mean diameter
of the crystal particles, as obtained through morphological
analysis of the crystals in the samples, and q is the density of
the fluid, which is estimated at 2400 kg m23. Figure 13 shows
the experimental data of the viscosity of sample Nos. 6–30 at
the lowest and highest shear rates within the 1370–1280�C
temperature range.

To make a prediction on the viscosity of the molten coal
ash slag at different times and constant temperature using

Figure 11. Compilations of CSDs: (a and b) crystal-1 in sample Nos. 6–11, and (b–d) crystal-2 in sample Nos. 12–30
in the molten coal ash slag samples at 1370, 1340, 1310, and 1280�C.

(e–h) Some dynamic processes that can affect the shape of the CSD. [Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com]
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the modified model, the effect of the nucleation and growth
rates of the crystals on the crystal content with changing
time is considered. The number of crystals and the dimen-
sions they can reach in the molten silicate liquid depend on
the cooling history and changes according to the time of
appearance. From Eq. 16, the number density ni of a crystal

of size Li at time si is equal to the nucleation density at
time sLi

when they appeared68

ni si;Lið Þ5 Ji sLi
ð Þ

Gi sLi
ð Þ i51; 2ð Þ (19)

where sLi
is the time at which the crystal phase i of the class

around Li at time si grew from 0 to Li within the interval ti2tLi
.

ni(si, Li), Ji sLi
ð Þ, and Gi sLi

ð Þ are the crystal population
density, nucleation rate, and growth rate of crystal phase i,
respectively, at the time of appearance of the crystals of dimen-
sion Li and that of a previous volume over the actual volume.
The crystal volume fraction and crystal population density at
different times are then correlated (Figure 14). Thus, the crystal
volume fraction can be calculated from the following equation

/5a1b
Ji

Gi
� si (20)

The sum of the squared differences of crystal volume frac-
tion and the (Ji/Gi) � si term was minimized by adjusting the
parameters a and b under different temperatures. The parame-
ters obtained for this set of samples are shown in Figure 14.

The differences in the microstructures of the suspension at
different shear rates lead to the inappropriateness of using
the single model to predict viscosity under different shear
rates.69 Therefore, on the basis of the Einstein–Roscoe and
Pinkerton models, g0 and g1 of the viscosity of the molten
coal ash slag samples at the lowest and highest shear rates
can be calculated by correlating the experimental values of

g0 and g1 with the gl
/max

/max 2/

� �2:5

and

gle
2:51

/
/max 2/

� �0:48
� �

/
/max

h i
terms,70 respectively (Figure 15)

g0515:4513:28gl

/max

/max 2/

� �2:5

(21)

g153:7210:75gle
2:51

/
/max 2/

� �0:48
� �

/
/max

h i
(22)

In the literature, the /max values range from 0.4 to 0.74,
with a classical value of 0.66 for a silicate material. Thus,

Figure 13. The measured viscosity at the lowest and
highest shear rates, and the calculated vis-
cosity of the remaining liquid phase by
FactSage in the molten coal ash slag sam-
ples Nos. 6–30, at the 1370–1280�C temper-
ature range.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com]

Figure 12. Nucleation rate and growth rate of crystals
in the molten coal ash slag.

Nucleation rate as determined by the absolute value of

the slope of the CSD plot. Crystal growth rate as

determined by the intercept of the CSD plot. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com]

Figure 14. Crystal volume fraction as a function of the
Ji=Gið Þ•si term.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com]
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the value of /max in Eqs. 21 and 22 is defined as 0.66. The
viscosity of the liquid phase (gl) is obtained using FactSage
(Figure 13). The parameter C was calculated using Eq. 18,
and the results are shown in Figure 16a.

Finally, the modified model systems, Eqs. 17–22, were used
to predict the viscosity of the molten coal ash slag sample Nos.
6–30. A plot of the measured vs. the predicted viscosities is
shown in Figure 16b. Most of the samples (except samples Nos.
28–30) are clearly deformed, indicating that the rheological
properties calculated using this method, agree closely with the

measured values. However, the measured viscosity results show
obvious deviations from the estimated value for the samples
Nos. 28–30. The possible causes are the experiment errors and
model accuracy. The three samples formed a rheologically
complicated system when the temperature decreased to 1280�C,
which led the factors of the thermal, electrical, and hydrody-
namic interactions of systems, and wall slip effect affect the vis-
cosity and can make unreasonable viscosity approximations at
the lowest and highest shear rates in Eqs. 21 and 22.

Conclusions

Viscosity measurements on the molten coal ash slag sus-
pensions containing up to 35.51 vol % of crystals were per-
formed in the 1280–1400�C temperature range. The effect of
crystal concentration, shear rate, time, and temperature on
the rheological behavior of the molten coal ash slag was
explored, and these parameters were included as variables in
a modified power law that fits our data. The CSD method
was applied to analyze quantitatively the textures of the mol-
ten coal ash slag sample at various stages; the results provide
information on the rates of in situ crystal nucleation and
growth.

The experiments reported here demonstrate that the intro-
duction of suspended crystals in the melt increases the vis-
cosity and enhances the shear rate-dependent rheology,
resulting in the time dependence of the viscosity, flow pat-
tern, and yield stress before the thermodynamic equilibrium
in the cooling processes is reached. The molten coal ash slag
contained crystal content higher than 4.70 vol % and dis-
played dramatical non-Newtonian behaviors, such as shear-
thinning, with decreasing temperature. These behaviors
became increasingly obvious as the crystal content is
increased.

The specific CSD plots of crystals from 25 samples were
examined to establish their growth conditions. Some crystal
samples exhibit curves such as concave down shapes, instead
of a straight line. The crystal growth mechanism and system
stability responsible for the nonlinearity of the CSD plots

Figure 15. (a) g0 as a function of the gl
/max

/max 2/

� �2:5
term. (b) g‘ as a function of the gle

2:51 /
/max 2/

� �0:48
� �

/
/max

h i
term.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]

Figure 16. (a) Values of parameter C for sample Nos.
6–30.

(b) Plot of the measured viscosities vs. the viscosities

estimated under our experimental conditions. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com]

2740 DOI 10.1002/aic Published on behalf of the AIChE August 2013 Vol. 59, No. 8 AIChE Journal

wileyonlinelibrary.com
wileyonlinelibrary.com


may be due to surface-controlled crystal growth, followed by
an episode of textural coarsening. The crystal nucleation and
growth rates determined through the use of the CSD method
suggest that crystallization occurred through very short
undercooling throughout the crystallization interval.

Finally, the modified models systems of Eqs. 17–22
describe the complex rheological behavior of crystals in the
molten coal ash slag. These equations provide the basis for
the evaluation of the effect of microscale crystallization
processes that occur during cooling on the macroscopic
behavior of the molten coal ash slag.
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Notation
Gi = growth rate of crystal phase i, mm/s
Ji = nucleation rate of crystal phase i, mm3/s
Li = characteristic crystal size, mm
L�i = maximum length of crystal phase i, mm
ni = population density of crystal phase i, number/mm3

n0
i = population density of nucleus-size crystals, number/mm3

Ni = total number of crystal phase i

Greek letters
c• = shear rate, s21

D c• = Change of the shear rate, s21

gB = coefficients of the Bingham model, Pa s
gN = coefficients of the Newtonian model, Pa s
gs = apparent viscosity, Pa s

gs,final = viscosity at the final cooling condition in the viscosity mea-
surement, Pa s

gs,initial = viscosity at the initial cooling condition in the viscosity mea-
surement, Pa s

Dge = change rate of viscosity with respect to shear rate, Pa s2

ge,initial = viscosity at the initial condition in the shear-thinning measure-
ment, Pa s

ge,finial = viscosity at the final condition in the shear-thinning measure-
ment, Pa s

g0 = viscosity at the lowest shear rate in the flow pattern measure-
ment, Pa s

g1 = viscosity at the highest shear rate in the flow pattern measure-
ment, Pa s

gl = viscosity of remaining liquid phase in the molten coal ash
slag, Pa s

sw = shear stress, Pa
sY = yield stress, Pa

DsY = relative increase in yield stress, dimensionless
sY,initial = yield stress at the initial condition in the yield stress measure-

ment, Pa
sY,final = yield stress at the final condition in the yield stress measure-

ment, Pa
si = average residence time of crystal phase i, s
/ = crystal volume fraction, vol %

/max = maximum solid packing fraction, dimensionless
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